ABSTRACT. The simple integrable modules with finite dimensional weight spaces are classified for the quantum affine special linear superalgebra U q ( sl(M|N)) at generic q. Any such module is shown to be a highest weight or lowest weight module with respect to one of the two natural triangular decompositions of the quantum affine superalgebra depending on whether the level of the module is zero or not. Furthermore, integrable U q ( sl(M|N))-modules at nonzero levels exist only if M or N is 1.
INTRODUCTION
Quantum supergroups associated with simple Lie superalgebras and their affine analogues were introduced [2, 30, 45] (see also [4, 11, 27] ) in the early 90s, and their structure and representations have since been extensively developed (see, e.g., [1, 16, 17, 19, 21, 28, 32, 33, 35, 38, 41, 42, 46, 47] ). Quantum supergroups were applied to solve interesting problems in a variety of areas such as topology of knots and 3-manifolds [13, 36, 39] , quantum supergeometry [42, 43] , and in particular, YangBaxter type integrable models [2, 10, 44, 32] , where the problem of constructing solutions of the spectral parameter dependent Yang-Baxter equation was converted to the much easier linear problem of solving the Z 2 -graded Jimbo equations [2] by using the representation theory of quantum supergroups.
The Z 2 -Jimbo equations determine the universal R-matrix [16] of quantum affine superalgebras in loop representations. A basic problem in studying the equations is to determine which finite dimensional irreducible representation of a quantum supergroup can be lifted to a representation of the corresponding quantum affine superalgebra. It was shown that the natural representations of quantum orthosymplectic supergroups can be lifted [44] , and more importantly, every finite dimensional irreducible representation of the quantum general linear supergroup U q (gl(M|N)) [38] can be lifted to an irreducible representation of the untwisted quantum affine general linear superalgebra U q ( gl(M|N)) [35] .
In a very recent paper [34] , Huafeng Zhang gave a classification of the finite dimensional simple modules for U q ( sl(M|N)) (more precisely the subalgebra U ′ q ( sl(M|N)) without the degree operator) at generic q, providing a parametrisation of such simple modules in terms of highest weight polynomials. This has much similarity to the classification [40] of finite dimensional simple modules for the gl(M|N) super Yangian, as explained in [34] .
The present paper generalises results of [25, 26, 29] on sl(M|N) to the quantum setting to obtain a classification of the simple integrable modules with finite dimensional weight spaces for U q ( sl(M|N)) at generic q. A module for a quantum affine superalgebra U q ( g) is integrable if it is integrable with respect to the subalgebra U q ( g0), which is the quantised universal enveloping algebra of the even subalgebra g0 of g. Thus the integrability of a U q ( sl(M|N))-module amounts to integrability with respect to the subalgebras U q ( sl(M)) and U q −1 ( sl(N)). The requirement of having finite dimensional weight spaces imposes further stringent conditions on the module.
One result of this paper, Theorem 3.10, states that a zero-level simple integrable module with finite dimensional weight spaces is necessarily of highest weight type with respect to the triangular decomposition of U q ( sl(M|N)) induced by the distinguished triangular decomposition of sl(M|N) (cf. equation (2.3)). A classification of such modules is given in terms of their highest weight polynomials (see Theorem 3.11) .
We show in Theorem 3.11 that any simple integrable U q ( sl(M|N))-module V of zero level with finite dimensional weight spaces can be embedded in a quantum loop module (cf (3.9)) as a direct summand. By setting the loop parameter to 1, we obtain from the image of V a finite dimensional evaluation U ′ q ( sl(M|N))-module (cf. (3.10) ). This way we recover all the finite dimensional simple U ′ q ( sl(M|N))-modules, which were classified in [34] .
We prove in Theorem 4.2 that only when M or N is equal to 1, U q ( sl(M|N)) admits integrable modules with finite dimensional weight spaces at nonzero levels. Such a simple integrable module is necessarily a highest or lowest weight module with respect to the standard triangular decomposition of U q ( sl(M|N)) given in Proposition 2.2. The necessary and sufficient condition for a simple highest weight U q ( sl(M|N))-module to be integrable with finite dimensional weight spaces is that the highest weight is integral and dominant [8, 18] with respect to the quantised universal enveloping algebra U q ( sl(M|N)0) of the even subalgebra of sl(M|N).
We mention that the quantised universal enveloping superalgebras of symmetrizable affine Lie superalgebras (without isotropic odd simple roots) admit many more integrable highest weight modules at nonzero levels. A classification of such simple modules was obtained in [41] , where a "super duality" was discovered identifying such quantised universal enveloping superalgebras with certain classes of ordinary quantum affine algebras.
PRELIMINARIES
In order to study the integrable modules for the quantum affine special linear superalgebra U q ( sl(M|N)), we need its loop presentation [31] , which we discuss here.
2.1. Let us start by discussing some basic structural properties of the special linear superalgebra [14] . Fix positive integers M and N, and assume that at least one of them is greater than 1. Let I be the set {1, 2, . . ., M + N − 1}. We choose the distinguished Borel subalgebra b for sl(M|N), which consists of the upper triangular matrices. The Cartan subalgebra h ⊂ b consists of the diagonal matrices in sl(M|N). Let n be the strictly upper triangular matrices, then b = h ⊕ n.
Equip the free Z-module ⊕
M+N i=1
Zε i with the following bilinear from
Then the roots of sl(M|N) can be expressed as ε i − ε j for all i = j, and the simple roots with respect to b are given by
where Cz is the center of sl(M|N)0. Let h 1 (resp. h 2 ) be the Cartan subalgebra of sl(M) (resp. sl(N)), and denote by ∆ 1 0 (resp. ∆ 2 0 ) the corresponding set of roots. Denote by Q the root lattice of sl(M|N), and set Q + = ∑ i∈I Z ≥0 α i .
Let sl(M|N) = sl(M|N) ⊗ C[t,t −1 ] ⊕ Cc ⊕ Cd be the untwisted extended affine Lie superalgebra associated with sl(M|N), where c spans the center, and d is the degree operator. We take the following Cartan subalgebra h = h ⊗ 1 ⊕ Cc ⊕ Cd for sl(M|N). Introduce the affine weight ω 0 and null root δ in h * such that ω 0 (c) = 1, δ(d) = 1, and
Then ω 0 , δ and all the α i together form a basis of h * . Denote by Q the Z-span of the α i and δ, i.e., the root lattice of sl(M|N), and let α 0 = δ − ∑ i∈I α i .
Recall that we have the following Borel subalgebras of sl(M|N),
where (2.1) is the standard Borel subalgebra, while (2.2) is induced by b ⊂ sl(M|N). Later we will make use of quantum universal enveloping superalgebras of these Borel subalgebras.
2.2. Let us fix once for all a nonzero complex number q which is not a root of 1. For
The quantum affine superalgebra U q := U q ( sl(M|N)) is a Hopf superalgebra over C [2, 16, 31, 35, 45] , which has two presentations, a Serre presentation in terms of Chevalley generators and Serre type relations, and loop presentation. Its loop presentation was constructed in [31] . Definition 2.1. The loop presentation of U q := U q ( sl(M|N)) is as follows. The set of generators is 
and We denote by U ′ q ( sl(M|N)) the subalgebra of U q without the generators D ±1 . By dropping the generators X ± M (n) for all n ∈ Z, we obtain a subalgebra of U q , which is the quantised universal enveloping algebra U q ( sl(M|N)0) of the even subalgebra sl(M|N)0 of sl(M|N). Note that this subalgebra contains U q ( sl(M)) and U q −1 ( sl(N)) as subalgebras.
The superalgebra U q is Z-graded U q = ⊕ k∈Z ( U q ) k with homogeneous components ( U q ) k = {x ∈ U q | DxD −1 = q k x}. Let us introduce the following subalgebras of U q :
• U + q (≫) (resp. U + q (≪)) denotes the subalgebra generated by the elements X + i (m) for all m ≥ 0 and i ∈ I (resp. X + i (m) for all m < 0 and i ∈ I); • U − q (≫) (resp. U − q (≪)) denotes the subalgebra generated by the elements X − i (m) for all m > 0 and i ∈ I (resp. X − i (m) for all m ≤ 0 and i ∈ I); • U 0 q (≫) (resp. U 0 q (≪)) denotes the subalgebra generated by the elements h i (r) for all r > 0 and i ∈ I (resp. h i (r) for all r < 0 and i ∈ I); • U 0 q denotes the subalgebra generated by K ±1 i (i ∈ I), D ±1 and C ±1/2 . We have the following obvious result.
Proposition 2.2. Define the following subspaces of
Then B = U q (−) U q (0) and B = U q (0) U q (+) are subalgebras, and
Note that B is the quantised universal enveloping algebra of the Borel subalgebra of sl(M|N) given in (2.1). Thus this triangular decomposition of U q is the quantum analogue of the triangular decomposition of U( sl(M|N)) with respect to the Borel subalgebra (2.1).
2.3. Let U q be the extended quantum loop superalgebra, namely the quotient of U q by the ideal generated by C ±1/2 − 1, and denote by U ′ q the C-subalgebra of U q without the generators D ±1 . Define the following subalgebras of U q :
• U q (0) denotes the subalgebra generated by h i (r), Set ∆ = {β i j := α i + α i+1 + · · · + α j |i, j ∈ I, i ≤ j} with the following total ordering 
2.4. All the modules for U q and U ′ q considered in this paper are assumed to be Z 2 -graded. Given a U q -module V , let
for any µ ∈ h * . If V µ = 0, we say that µ is a weight of V , and denote by P(V ) the set of the weights. The module V is said to be a weight module of type 1 if
From now on, all modules will be assumed to be of type 1. A U q module V is integrable if V = µ∈P(V ) V µ , and the elements X ± i (m) (i ∈ I, m ∈ Z) act locally nilpotently. If C ±1/2 act by the identity, we say that V is a zero-level module, or at level 0.
ZERO-LEVEL INTEGRABLE REPRESENTATIONS FOR U q
In this section we classify the irreducible integrable U q -modules with finite dimensional weight spaces such that C ±1/2 act as the identity. Such modules descend to U q -modules. 3.1. Let H (resp. H ′ ) be the subalgebra of U q generated by
is called a highest weight module if there exists a nonzero weight vector v ∈ V with respect to H (resp. H ′ ) such that
Call v a highest weight vector of V relative to B (resp. B ′ ) as Bv = Cv (resp. B ′ v = Cv). These highest weight modules are defined relative to the triangular decompositions for U q (resp. U ′ q ) defined by (2.3). Let ψ : U ′ q (0) → C be any algebra homomorphism, and let U ′ q (0) act on the one dimensional vector space C ψ = C by ψ. We extend C ψ to a module over B ′ (cf. (2.4) ) by letting U + q act trivially. Construct the induced U ′ q -module
which has a unique simple quotient:
The following definition is taken from [34] . 
With the help of results from [34] , we can characterise the integrability of V (ψ) as follows. (2)) subalgebra generated by
where (3.3) is understood as an equation of Laurent series expanded about
q v is an integrable highest weight U When
Since X − M (n)v for all n ∈ Z belong to the same weight space of V (ψ), and all weight spaces are finite dimensional, there exist m ∈ Z, d ∈ Z ≥0 and a 0 , . . . ,
Applying h M−1 (r) to the above equality, we obtain 
We write ϕ = (φ, b) and denote by L ϕ the image ofφ regarded as a Z-graded
Assume that L ϕ is a simple U q (0)-module. We extend L ϕ to a module over B (cf. (2.4)) with U + q acting trivially, and construct the induced U q -module
This has a unique irreducible quotient, which we denote by V (ϕ). Then every irreducible highest weight U q -module is isomorphic to some V (ϕ).
Given any simple U ′ q -module V (ψ) (cf. (3.1)), we form the vector space V (ψ) ⊗ L and denote w(s) = w ⊗ t s for any w ∈ V (ψ) and s ∈ Z. For any b ∈ C, we now turn V (ψ) ⊗ L into a U q -module by defining the action
We denote this U q -module by L(V (ψ); b) and call it the quantum loop module associated to V (ψ) and b.
, being the evaluation map. Let v be a highest weight vector of V (ψ) and denote v(i)
= v ⊗ t i for any i ∈ Z. Then (1) V (ψ) ⊗ L ∼ = ⊕ r−1 i=0 U q v(i) as U q -modules, where U q -submodules U q v(i) are sim- ple. Furthermore, U q v(0) ∼ = V (ϕ). (2) V (ϕ
) has finite dimensional weight spaces with respect to H if and only if V (ψ)
has finite dimensional weight spaces with respect to H ′ .
Proof. The proofs of [22, Theorem 1.8] and [23, Lemma 1.10] can be adopted verbatim to prove this result. We refer the interested readers to the paper [22, 23] for details.
In the case r = 0, the formula in part (1) of the theorem should be understood as
, we define the evaluation module for U ′ q by setting t = 1:
This is a U ′ q -module homomorphism, which is surjective. 3.3. Let V be an irreducible integrable U q -module with finite dimensional weight spaces. In this section we generalize the method developed in [29] to show that V has to be a highest weight module with respect to the triangular decomposition of U q given in (2.3).
Introduce
We have the following lemmas, which play a key role in the remainder of the section. Their proofs are relegated to Appendices B and C as they involve very lengthy computations. 
Proof. See Appendix C .
Let V be an irreducible zero-level integrable module for U q with finite dimensional weight spaces. By definition, V is integrable over the even subalgebra of U q . It follows from Chari's work [6] that there is a non-zero weight vector v ∈ V such that (3.14)
which is a subspace of V wt(v)+2α M , thus is finite dimensional. Therefore, there exists a finite positive integer K such that
Thus for any r ∈ Z we have
Note that the elements X (3.14) . Then the following relations hold for large k:
Proof. Since (3.16) was proven already, we only need to consider (3.17) . For notational simplicity, we write E(m) = X
to (3.16) and then using (A.2), we can show that
Let l + 1 be the minimal integer such that (3.18) holds. Then there exist r 1 , · · · , r l such that
By Lemma 3.6, we have 
Proof. By Lemma 3.8, one can find a non-zero weight vector v 1,M+N−1 such that
We observe that (3.16) still holds if we replace v by v 1,M+N−1 , namely, for large k,
M−1 (0)) 2k to this equation, and then using (A.2), we obtain
From Lemma 3.6 and Lemma 3.7, we can find a non-zero weight vector v 1,M+N−2 such that for all m ∈ Z,
Repeating the above arguments for a finite number of times, we will find a nonzero weight vector w such that
Let µ be the weight of w. Observe that V , being irreducible, must be cyclically generated by w over U q . By using the PBW theorem for U q and equation (3.23), we easily show that any weight of V which is bigger than µ (relative to B; see also the Borel subalgebra of sl(M|N) defined by (2.2)) must be of the form
Now we prove (3.21). Suppose it is false, that is, for any positive integer p, there always exist k > p and n 1 , . . . , n k ∈ Z such thatw := X
n i δ is the weight ofw. But for large p, and hence large k,
is a weight of V by considering the action of the U q (sl 2 ) subalgebra generated by X 
Set ψ = S •φ and consider the irreducible module V (ψ). By Theorem 3.5, V (ϕ) is isomorphic to an irreducible component of L(V (ψ), b). Since V (ϕ) is an integrable U q -module with finite dimensional weight spaces, so is V (ψ). Thus it follows from Theorem 3.2 that V (ψ) is isomorphic to V (P, f , c, Q) (see Definition 3.3) for some (P, f , c, Q) ∈ R M,N . This completes the proof.
INTEGRABLE REPRESENTATIONS AT NONZERO LEVELS
In this section, highest and lowest weight U q -modules are defined relative to the triangular decomposition of U q given in Proposition 2.2.
4.1. The subalgebra of U q generated by sl(N) ). Thus C acts on any nontrivial simple integrable highest weight U q −1 ( sl(N))-module [8, 18] by the multiplication by q −ℓ for some fixed ℓ > 0.
We have the following result. 
Proof. Part (1) can be easily proved by adapting the proof of [24, Theorem 1.10] to the present context. We omit the details. To prove part (2), set
. Observe that T commutes with U q −1 ( sl(N)). Decompose V into the direct sum of Tinvariant subspaces. Each T -invariant subspace is an integrable U q −1 ( sl(N))-module with finite dimensional weight spaces. Now part (1) implies part (2).
Theorem 4.2. Assume that both M and N are greater than 1. Then there exists no integrable U q -module with finite dimensional weight spaces, where C does not act by the identity.
Proof. Without lose of generality, we may assume that C acts by q −r with r > 0. Let U q ( sl(M)) be the subalgebra of U q generated by X [12, 15] for affine Lie superalgebras in the classical setting.
Remark 4.3. A similar result has long been

From now on we assume that
Proof. The a = 1 case is a defining relation of U q . For a ≥ 2, we have
We can rewrite the right hand side as
where the first term vanishes by Lemma A.2. The second term can be expressed as Proof. Without lose of generality, we may assume that r > 0.
Claim 1. For any weight vector v ∈ V , the following vector space, spanned by
By Proposition 2.3, it is sufficient to prove that, for 1 ≤ p ≤ N, the vector space
From Proposition 4.1 there exists n 0 > 0 such that h 2 (n)v = 0 and h 2 (n)X + 1 (0)v = 0 for all n > n 0 . Now it is easy to see that S
which is clearly finite-dimensional.
For any r ≥ 1 and m i ≥ 0, observe that
) r to (4.1), and using (A.2) (A.4) repeatedly, we have
if there exists j(1 ≤ j ≤ r) such that m j > n 0 . Combining this with Lemma 4.4, we conclude that the vector space S + p (v) is spanned by {X
which is finite-dimensional. This completes the proof of Claim 1.
In a similar way, one can prove
Claim 2. For any weight vector v ∈ V , the vector space spanned by the following set
is finite-dimensional.
Let N + (resp. N − ) be the subalgebra of U q generated by X Define the following subalgebras of U q : sl(N) )-modules with highest weight λ and multiplicities m λ ∈ Z ≥0 , which are nonzero for only finitely many λ. Thus W has a maximal weight. Since V is simple,
For any weight vector
Ch 1 (n) W. Thus this maximal weight of W is also the highest weight of V .
Recall that for ordinary quantum affine algebras, a simple highest (resp. lowest) weight module is integrable if and only if its highest (resp. lowest) weight is integral dominant (resp. anti-dominant) [8, 18] . Proof. As simple highest or lowest weight U q -modules defined with respect to the triangular decomposition of U q given in Proposition 2.2 automatically have finite dimensional weight spaces, the corollary immediately follows from Theorem 4.5 and the preceding remarks on integrable highest weight modules for ordinary quantum affine algebras.
APPENDIX A. RELATIONS IN U q
We present some technical results which are used in the main body of the paper. 
We can derive from Definition 2.1 the following relations:
Combining (A.4) with (A.5), (A.7) with (A.8), respectively, we have
We have the following result.
Lemma A.2.
(
Proof. Part (1) (n 1 )v a−1,b−1 ,t = 1, . . . , p + 1. We use induction on t starting from the given case t = 1. Assume that
First we want to prove that X
Using equation (A.9), we can rewrite the right hand side as
If i = b + 1, we consider the case with a = M − 1 and b = M + 1 as an example, and the proof for the general case is similar. By (A.7) and (A.8), we have
where the second term on the right hand side vanishes by (B.1). We can rewrite first term as
M−1,M+1 , which, by (A.1), is equal to
Using (A.10), we can cast the right hand side into
where the second term vanishes by (B.1), and the first term can be rewritten as
By (A.9), this can be expressed as
For i = a(a = M), we obviously have
which can be rewitten as
by using (A.9). The first term vanishes by (A.2), and the second terms is equal to
which obviously vanishes. Similarly, one can prove that X
where the first term on the right hand side vanishes by lemma A.2 (1). Hence
Similarly, one can prove that X
where the first term on the right hand side vanishes by Lemma A.2. It is not difficult
a,b = 0. Hence we can rewrite the right hand side as
where the second term on the right hand side vanishes, and the first term can be rewritten as
The first term on the right hand side vanishes by (A.2), and the second term can be expanded into
by using (A.1). We can show that the first term vanishes identically, and the second can be rewritten as
By modifying the above computations slightly, one can prove that X
a,b , which, by using Lemma A.2, can be expressed as
a,b , where the first two terms on the right hand side vanishe by (B.1), and the third can be manipulated to yield
where the first term on the right hand side vanishes by (A.2). Hence we can rewrite the right hand side as
it is sufficient to show that X 
This completes the proof of the Lemma.
APPENDIX C. PROOF OF LEMMA 3.7
Proof of Lemma 3.7 . Note that (3.13) directly follows from (3.12). Hence we only need to prove (3.12).
We first show that
This establishes (C.1) for |p − k| = 1.
We now use induction on |p − k| to prove (C.1). By the induction hypothesis, for all p, k, l ∈ Z with p ≡ l (mod 2), |p − k| ≤ 2i − 1,
where the second term on the right hand side vanishes by Lemma A.2, and the first can be rewritten as
We note that the first term on the right hand side vanishes: Note that the first term on the right hand side vanishes by (3.11) , and by using (3.11) and (A.9) we can rewrite the second term as 
